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DIVISION 1II COMPREHENSIVE EXAM

Counstruction of this test directed
by
Paul Allen, The University of Alabama

INSTRUCTIONS

This test consists of 50 multiple choice questions. The questions have not been arranged in order of difficulty.
For each question, choose the best of the five answer choices labeled A, B, C, D, and E.

The test will be scored as follows: 5 points for each correct answer, 1 point for each question left unanswered,
and 0 points for each wrong answer. (Thus a “perfect paper” with all questions answered correctly earns a

score of 250, a blank paper earns a score of 50, and a paper with all questions answered incorrectly earns a
score of 0.)

Random guessing will not, on average, either increase or decrease your score. However, if you can eliminate
one of more of the answer choices as wrong, then it is to your advantage to guess among the remaining
choices.

e All variables and constants, except those indicated otherwise, represent real numbers.
e Diagrams are not necessarily to scale.

We use the following geometric notation:

e If A and B are points, then: o If A is an angle, then:
AB is the segment between A and B m / A is the measure of angle A in degrees
—> . .
AB is the line containing A and B o If A and B are points on a circle, then:
AB is the ray from A through B AB is the arc between A and B
AB is the distance between A and B m AB is the measure of AB in degrees
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What You Can Do With A Mathematics Major

Occupational opportunities

Actuarial and Insurance Government Accountant
Computer & Information Sciences Investment Analyst Financial Planner
Researcher Benefits Specialist Mathematician
Demographers Computer Programmer Cartographer

Data Processor Navigator Meteorologist
Applications Programmer Ecologist Health

Systems Analyst Biomedical Engineer Bio-mathematician
Computer Applications Engineer Operations Analyst Operations Research
Control Systems Engineer Control Systems Engineer Systems Engineer
Numerical Analyst Teaching BusinessIndustry
Statistician Engineering Analyst Financial Analyst
Technical Writer Homeland Security Communications Engineer

Study in the field of mathematics offers an education with an emphasis on careful problem analysis, pre-
cision of thought and expression, and the mathematical skills needed for work in many other areas. Many
important problems in government, private industry, health and environmental fields, and the academic
world require sophisticated mathematical techniques for their solution. The study of mathematics provides
specific analytical and quantitative tools, as well as general problem-solving skills, for dealing with these
problems. The University of Alabama offers undergraduate and graduates degrees in Mathematics. Please
visit www.ua.edu and refer to the undergraduate and graduate programs for additional information.

Engineering Math Advancement Program

The University of Alabama is offering a summer program to build math skills for students entering engi-
neering. The Engineering Math Advancement Program, E-MAP, is a five-week summer residence class that
addresses math and engineering prerequisites for incoming engineering students. The program targets bright
students who may not have retained the information learned in high school and provides and opportunity
to hone technical abilities before entering college. The goal of E-MAP is to assisting entering freshmen in
developing a solid background in calculus to succeed in engineering before they start at the University.

Classes are designed around Precalculus Algebra and Trigonometry and incorporate important learning prin-
ciples to ensure that knowledge is retained and not just memorized. Students develop their skills through
hands-on experiences, problem solving teaming exercises, and interaction with engineering professors and
instructors through an interdisciplinary Living Laboratory program. Experiments allow students to use sim-
ple calculus in engineering applications. The program also involves introducing students to local practicing
engineers through work on one or more community service engineering-related activities. E-MAP will reserve
33-40 percent of enrollment space for underrepresented groups. Financial assistance is available based on
need. Please visit www.emap.ua.edu for additional information.



Find the sum of the following series:

L1 1
3 2 9 4 27 8
1 1 1 2
A) —- B C) |-= D) - E) —-
A - ®) o © |- o) ! ®) -2
How many distinct roots does p(x) = 2" + 32° + 52° + 72t + 723 + 522 + 3z + 1 have?
(A) (B) 4 (©) 5 (D) 6 (®) 7

The equation x® = 46 + 97 where i = v/—1 has a solution of the form a + bi where a and b are integers.
Find a +b.

(A) 5 (B) -1 (C) 3 (D) (E) None of these

There are two possible triangles with sides 4 and 5 having an inscribed circle of
radius 1 (see the fighre shown at the right). Which of the following is one of the
possible values for the length ¢?

(A) B) 6 (C) 1+v/20 (D) 7  (B) 2+5 / Y
1

Find the midpoint of the domain of the function f(z) = /4 — v2z £ 5.

(&) 3 ®) |2 © ! D) 2 ® -2

Which two of the following cannot be factored using integer coefficients ?

Lat+22+1 IL 2* + 22 + 2 I z* — 222 + 1 IV.z* +z+1
(A) TandII (B) TandIV (C) 1I and IIT (D) |II and IV (E) II and IV

Line segment AB of length 1 has been divided at point P into a ¢

longer segment of length x and a shorter segment of length 1 — x
x

where — = Moreover, an isosceles triangle PC'B has been T

T —x
constructed with equal legs of length z as shown in the figure. What
is the length of side AC'?

Vb +1
2

o) Y ®)

A T Pl—-z B

(A) (C) vV5-1

(B)

Sl

The number N = 173889 is a perfect square. What is the sum of the digits in /N ?
(A) (B) 7 (C) 14 (D) 9 (E) none of these



10.

11.

12.

13.

14.

15.

If 100 bushels of corn is distributed among 100 people in such a manner that each man receives 3

bushels, each woman 2, and each child 3 of a bushel, which one of the following is a possible value

for the number of men ?

(A) 16 (B) 12 (C) (D) 4 (E) 0
1
Let = = 1 be the indicated continued fraction. Which one of the following is
1+—
1+ !
1
1
+ T+
equal to x 7
V2+1 V5 -1 1 VE+1 V3-1
A B - D E
(a) = ®) | © 3 ) ®)
2 2
v
Simplify — R
(A) 22 —y? (B) i (C) Tty (D) z—vy (E) mnone of these
r—=Yy Yy

Which one of the following is the remainder when z + 27 + 26 4+ 237 is divided by 2* — 2 ?

(A) 4 (B) 1+22 (C) (D) z+ a3 (E) x4+ 322

The triangle ABC has sides a = 13, b = 14, and ¢ = 15 as shown at
the right. Line N bisects angle B and crosses side b at P. Find AP, the
distance from A to P.

(A) 37 (B 7  (C) W2 (D) (E) 2V15

1 1 1 1
Fi h 1—= 1—Z= 1—=) ... (1=2=21] .
ind the product ( 2) ( 3) ( 4) ( n)

1 1 n!
2’ﬂ

(E) none of these

Find the rectangular form of the polar equation r2cos26 = 8.

(A) y*=82? (B) =4y’ (C) |2 —y* =8 (D) 22=4 (B) a2 =8>



16.

Consider the angle at O formed by the line segments OD and
OF. Through point A, draw line segment AM perpendicular L
to OD and line segment AN parallel to OD. Next, draw line ¢ N
segment OL crossing segment AM at point B and segment AN
at point C so that the distance BC' is twice distance OA. Let
a be the angle at O formed by the segments OD and OL, and
let 3 be the angle at O formed by the segments OF and OL.
Which one of the following is true?

(A) (B) 3a% =24 (C) F=a

(D) f=3a (E) 3a=24

17.

18.

19.

20.

21.

22.

The number 5! =5-4-3-2-1 =120 ends with one zero. How many zeros will be at the end of 50! 7
(A) 9 (B) 10 (C) 11 (D) (E) 13

The polynomial equation x* — 622 4+ 562 — 24 = 0 has two real roots and two complex roots. What
is the sum of the two real roots?

(A) 2v6 (B) (©) 0 (D) 4 (B) -2v6

Let ABCD be a cyclic quadrilateral (all vertices lie on a circle) with diago-
nals AC and BD as shown in the sketch. Pick point E on the diagonal BD
so that angle DAFE equals angle BAC. Which of the following statements
are true 7

I. Triangle ADE is similar to triangle AC'B. II. AE = AB
1. AE - AC = AB- AD IV. AB? + DC? = AD? + BC?
(A) T&II (B) [I&IT|(C) MT&IV (D) TMT&IV(E) LTI &IV

If T were to give $7 to each of the beggars at my door, I would have $24 left. I lack $32 of being able
to give them $9 apiece. What is the sum of my money and the number of beggars at my door ?

(A) 69 (B) [248 (C) 137 (D) 486 (E) 153

Bob and Ann leave a campsite, Bob biking due north and Ann biking due east. Bob bikes 7km/h
faster than Ann. After three hours, they are 51 km apart. Find the sum of their speeds.

(A) 9km/h (B) 17km/h (C) (D) 27km/h (E) none of these

If z is a real number, then the inverse trigonometric function cot™'z is equal to which one of the
following ?

(A) T tanlz (B)

5 (D) tan! é (E) tan! (7 — ac)




23.

24.

25.

26.

27.

28.

29.

30.

31.

In triangle ABC' shown at the right, the angle at A is twice the angle at A
B. Which one of the following is true?

(A) |a®>=b(b+c) (B) ab+ ac=2bc £ b
B C
2
(C) 2a=Vb?+c? (D) bi = +b (E) none of these “
c a+c

Each digit of a four-digit personal identification number (PIN) can be any number from 0 to 9,
with the restriction that the first digit cannot be 0. Which of the following best approximates the
percentage of PIN’s that contain at least one digit less than 37

(A) 86% (B) 76% (C) 67% (D) (E) 68%

Find the coordinates of the focus of the parabola y* = 2y + 8z + 31.
(A) (=1,4) B) (2,-3) (C) (-4,2) (D) (3,-3) (E) [(=2,1)

The perfect square 122 = 144 ends with two repeated digits 44. It can be proven that the only
possible digits that can be repeated at the end of a perfect square are 0’s and 4’s. What is the largest
possible number of 4’s that can appear at the end of a perfect square?

(A) 2 (B) (C) 5 (D) 13 (E) arbitrarily large

Which of the following is the closest approximation to the circumference of the ellipse 722 +8y? = 56 ?

(A) 567 (B) 6 (C) V357 (D) 4r (E) |V307
Solve —3<2x+1<7.
5 5 1 5
—3<z< ——<zr< = ——<zx< = —2<z<
(A) —3<2<6 (B) —;<z<s (C) —5<az<; (D) (E) none of these

Which of the following is equal to 4 cos® 2 — 3 cos x ?
(A) cosTxcosz (B) sin7x+cosz (C) (D) cos7x —sinz  (E) none of these

The sequence of Euler numbers Ey, E1, Eo, Fs, - -+ is defined by
— (=1 (2n)!
Ey=1 d F,= —_—

0 an 2 (2n — 20)1(2i)!

i=1

Enfiv n:172737""

Calculate the number FEj3 .

(A) 3 (B) 15 (C) 48 (D) (E) 75

A band of 17 pirates stole a sack of gold coins. When they tried to divide the fortune into equal
portions, 3 coins remained. In the ensuing brawl over who should get the extra coins, one pirate was
killed. The wealth was redistributed, but this time an equal division left 10 coins. Again an argument
developed in which another pirate was killed. But now the total fortune was evenly distributed among
the survivors. If N is the least number of coins that could have been stolen, what is the sum of the
digits in NV 7

(A) 9 (B) (C) 15 (D) 18 (E) none of these



32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

The equation of an ellipse in polar coordinates is given by r = % . Which one of the following
is the polar coordinates of one of the foci of the ellipse ?

(A) |(0,0) (B) (3,77) (C) (4,0) (D) (2,7) (E) none of these

A pair of fair dice is cast. What is the probability that the sum of the numbers falling uppermost is
7 or 11 if it is known that one of the numbers is a 57

2 2 1 4 4
A — B) — C) - D) — E) |—
(4) B) - © 3 D) = ®) |
Find the greatest integer n for which there exists a simultaneous solution x to the inequalities
E<ab <k+1, k=1,2,3---,n.
(A) 2 (B) (C) 6 (D) 8 (E) none of these

2 1 1
The fraction = can be written in a unique way as the sum of two unit fractions — + 7 where a, and
a

b are positive integers, with a < b. Find a +b.
(A) 21 (B) 28 (C) (D) 48 (E) 64

A rectangle with length x has area 3 and z3d = 20, where d is the length of the diagonal of the
rectangle. Find d.

(A) 4 (B) 3.5 (C) 2.75 (D) (E) 225
The right triangle ABC' has altitude 50. A line parallel to the base has been A
drawn 20 units above the base to form a right trapezoid with area 320. What is
C B, the length of the base of the right triangle ? 50
(A) 10 (B) 14 (C) (D) 26 (B) 32 00
C B

Find the sum of all the solutions to the equation 2logz — log(2x — 75) = 2.

(A) no solutions (B) 30 (C) 350 (D) 75 (E) |200
The set S = {13!+ 2, 13!+ 3, 13144, ---, 131 4+ 11} contains ten consecutive integers. How many
primes are in the set S?

(A) [0] (B) 7 (C) 4 (D) 3 (E) none of these

Determine the radius of the circle given by 22 + y? — 62 + Sy = 56.

(A) 6 (B) 4v14 (C) 35 (D) [9] (E) 5v2

Consider a right triangle with legs of length a and b and hypotenuse of length ¢. If K denotes the
area of the triangle, which one of the following is equal to a +b 7

(a) M (B) 4K © < (D) c+2/EK ® |VeTix]

c2



42.

43.

44.

45.

46.

47.

48.

49.

50.

How many points (z,y) with integer coordinates satisfy the inequality 2% + y* < 257

(A) 63 (B) 74 (C) (D) 99 (E) none of these

Find the sum of all the solutions to the equation 5+ vz +7==x.

(A) 5 B) [9] (C) 11 (D) 17 (E) 8
1 0 0 -2
. . . 4 1 0 0
Find the determinant of the matrix N 76 5
-3 -2 -1 0
(A) —40 (B) (C) —15 (D) 0 (B) -21
o —10 4+ 20i ) .
Simplify the complex numbers BT to the standard form a + bi, where i = v/ —1 .

(A) 2+5i (B) 5-2i (C) (D) 2-5i (E) none of these

The number v/19 4 /336 can be written in the form v/a+ /b, where a and b are whole numbers and
a > b. What is the value of a — b7

(A) 23 (B) 19 (C) 12 (D) 7 (E)

If g( if—i) = bz, find ¢(2).

10v3

(a) ~15 B =

(C) 15y/-1 (D) —4 (E)

An open top box (no top) is to be constructed with a square base of length = , and must have a
volume of 16 cubic feet. If the material for the base costs $ 1 per square foot and the material for the
sides cost $0.25 per square foot, write the cost of the box, C(x), as a function of x .

423 +8 3416
(A) 2248z (B) - ;— (C) 22+ 64z (D) z —:L— (E) none of these
The function f(z) = — - will have no vertical asymptote when the constant ¢ is which one
242 +c
of the following 7
(A) -2 (B) -1 (©) 0 (D) 1 (E)
. . 222 —3x—1 .
The slant (oblique) asymptote of the function f(x) = —— s
T —

(A) y=2+2 (B) y=3z+1 (C) y=2r—-2 (D) y=3z-1 (E)



